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Abstract. In [HMR1], Holm, Marsden, and Ratiu derived a new model for 
the mean motion of an ideal fluid in Euclidean space given by the equation 
\> (t) + V a(t) V(i)- a 2 [V£/ (*)]*• AU(t) = -grad p(t) where drvU = 0, and V = 
(1 — a 2 /\)U. In this model, the momentum V is transported by the velocity 
U, with the effect that nonlinear interaction between modes corresponding 
to length scales smaller than a is negligible. We generalize this equation to 
the setting of an n dimensional compact Riemannian manifold. The resulting 
equation is the Euler-Poincare equation associated with the geodesic flow of 
the H 1 right invariant metric on 25* the group of volume preserving Hilbert 
diffcomorphisms of class H B . We prove that the geodesic spray is continuously 
differentiable from TDJ(M) into TTX>J(M) so that a standard Picard iteration 
argument proves existence and uniqueness on a finite time interval. Our goal 
in this paper is to establish the foundations for Lagrangian stability analysis 
following Arnold Ja|. To do so, we use submanifold geometry, and prove 
that the weak curvature tensor of the right invariant H 1 metric on 23S is a 
bounded trilinear map in the H a topology, from which it follows that solutions 
to Jacobi's equation exist. Using such solutions, we are able to study the 
infinitesimal stability behavior of geodesies. 



1. Introduction 

1.1. Background. The Lagrangian formalism for the hydrodynamics of incom- 
pressible ideal fluids considers geodesic motion on T> S ^(M), the group of all volume 
preserving Hilbert diffeomor phism s of the fluid container M of class H s . Arnold 
jA| and Ebin and Marsden [EM| showed that if r/(t) is a smooth geodesic of the 



weak L 2 right invariant metric in T> S (M), and if U(t) — r)(t) o rj(t) 1 , then the 
Eulerian velocity U(t) is a solution of the Euler equations 

d t U(t) + X7 u(t) U(t) = -gradp(t) n n 

divt/(i) = 0, U(0) = U o , [ ' 

where p(t) is the pressure function completely de term ined by U(t). 



The Lagrangian stability of the solutions to (1.1) is obtained by studying the 
behavior of nearby geodesies. A flow rj(t) is stable if all geodesies in 2? M (M) with 
sufficiently close initial conditions at t = remain close for all t > 0. Thus, 
one must study the curvature of T) S AM) as this enters the linearization of the 
equations of geodesic flow. The study of the curvature of the volume preserving 
diffcomorphism group with weak L 2 right invariant metric was initiated by Arnold 
in Therein, he computed a formula for the sectional curvature at the identity 
of a group with one-side invariant metric in terms of the coadjoint and adjoint 
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action, and used this formula to show that the sectional curvature of the volume 
preserving diffeomorphisms of the flat torus is negative in 'many' directions. Using 
this computation, Arnold was able to demonstrate that for an idealized model of 
the earth's atmosphere, deviations of fluid particles with nearby initial conditions 
grow by a factor of 10 5 in two months, making longterm dynamical weather forecast 
nearly impossible. See the book by Arnold and Khesin AK1| (as well as [AK2Q 
for a detailed account. 

This work initiated a detailed study of the geometry of the volume preserving 
diffeomorphism group with L 2 right invariant metric. Ebin and Marsden [EM 
provided the differentiable structure for the diffeomorphism groups of Sobolev class 
and established the functional- analytic foundations of study (see also Q). Lukatskii 
Ell L2, L3] gave detailed explicit computations of the curvature of the measure- 



preserving diffeomor phism group on the torus. Misiolek [Ml, M2] and Bao, La- 
fontaine, and Ratiu | BLR | used submanifold geometry to compute the sectional 

B2l has studied 



curvature of 2?*(M) for arbitrary manifolds M . Shnirelman [pl| , 
the Riemannian distance on T>^ i nduce d by the L 2 metric, and obtained bounds on 
the diameter of 2? M . Again, see [ AK1 for a comprehensive account of all of these 
developments. 



1.2. Motivation for the H 1 metric. Our interest is in developing the geome- 
try of the volume preserving diffeomorphism group with weak H 1 right invariant 
metric and studying the properties of its curvature operator. We are motivated by 
the recently developed models of Holm, Marsden, and Ratiu HMR1], [HMR2] for 
the mean hydrodynamic motion of incompressible ideal fluids in Euclidean space. 
Their basic idea was to obtain a model which averages over small scale fluctuations 
of order a using an additive decomp ositio n of a given vector field into its mean and 
oscillatory components. Following HM£], we generalize this procedure to diffeo- 
morphism groups of Riemannian manifolds where mappings are 'decomposed' as 
opposed to vector fields. We shall give a detailed report of this in HKMRS for 
manifolds M with boundary. Herein, we merely outline the basic construction to 
motivate our study. To do so, we shall need some notation. 

Let a^a a e C°°([0, 1], M). If U G C°°(TM), then U o a e C°°{TM\ Ijnag<a) ). 
U is said to be parallel along a if V a 'U — 0, where a' = (d/da)\o<r a . We set anP a 
to be the unique solution of V^-P^ = 0, Pq — ldT a(0) M- Pa is a linear isomorphism 
between T a ^M and T^^M, and is called the parallel transport along a up to 
time a. 

We consider a geodesic curve in T)^(M) and decompose it into its mean r/(t) 
and its small scale fluctuations ( a {t) about the mean. The curve r] a (t) — ( a o rj{t) 
describes the motion of the fluid and is defined such that rf{t) — r](t). We assume 
that rf := (d/da)\or] a has mean zero, and we Taylor expand P ( J 1 (C/ o r/ a ) about 
a = 0, where P a is the parallel transport along the curve a 1— » -q a {x). We use the 
fact that p-^n'U = (d/da)[P- l U(r) a )}, to obtain p- l U orf = U o 77 + aVU ■ r{ + 
0(a 2 ). Substitution of this Taylor expansion into the kinetic energy followed by 
a computation of its mean gives \ J M [(U, U) + a 2 (VU, "VU)]/j, + 0(a 4 ), where fj, is 
the volume form on M. and where, for simplicity, we set 77' (3 77' = Id. This is not 
essential as the term (7/ <E> rj'VU, VU) may also be used to define the H 1 metric at 
the identity. 
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The resulting Euler-Poincare equation for the H 1 metric provides a new model 
for the mean motion of incompressible ideal fluids given by 



V(t) + Vu(t)V{t) - a 2 [\7U(t)Y ■ AU(t) = -grad p(t) 
V = (1 - a 2 A)U, 
divU = 0, 17(0) = U . 



(1.2) 



We call this equation the Euler-a equation or the averaged Euler equation. Unlike 
the Euler equation (1.1) which conserves the L 2 kinetic energy ||tt||z,2, this model 
conserves the H 1 'kinetic' energy Geodesic motion of the a-H 1 right invari- 

ant metric on the volu me preserving diffcomorphism group has the following effect 
on solutions U of (1.2): nonlinear interaction among modes corresponding to scales 
smaller than a is regularized by the inversion of the elliptic operator (1 — a 2 A), so 
that the behavior of the solution at small scales is controlled by nonlinear dispersion 
instead of viscous dissip atio n, and an H 1 conservation law is preserve d. Dis sipation 
may then be added to (1.2) to obtain a Navier-Stokes-a model (see [ FHT for the 
proof of global existence of the Navier-Stokes-a model in three dimensions as well 
as bounds on the dimension of the global attractor). 



1.3. Outline. The goal of this paper is to develop the foundations for the La- 
grangian stability analysis of equation ( |l.2| ). For our analysis, we shall set a = 1. 
Volume preserving diffcomorphism groups on Ricmannian manifolds equipped with 
the H 1 right invariant metric have not previously been studied, so we begin by 
developing the fundamental geometric structures. 

After computing the unique Riemannian covariant derivative of the H 1 right 
invariant metric on the diffeomorphism group T> S (M), M a compact Riemannian 
manifold, we use the Hodge theorem to induce the H 1 Riemannian covariant de- 
rivative on T> S AM). This, in turn, provides the geodesic spray S : TD S (M) — > 
TTT> S (M) which, just as in the case of the Euler equations, is continuously dif- 
ferentiable. A standard Picard iteration argument may then be used to establish 
the existence and uniqueness of (1.2) on a finite time interval. In the case that the 
compact manifold M has a boundary, there are two very interesting subgroups of 
V S U (M) on which the geodesic flow of the right invariant H 1 metric is also C 1 . In 
|HKMRS| , we define these subgroups which take into account two different kinds 
of boundary conditions that may be imposed on the Euler-a equations. 

Having this result, we proceed to study the curvature of the right invariant 
H 1 connection. We follow Misiolek [Ml| and use basic submanifold geometry, in 
particular the Gauss equation, to define the curvature on the volume preserving 
diffcomorphism group, thought of as a weak submanifold (and subgroup) in the 
weak H 1 topology of the full diffeomorphism group. We are able to prove that this 
weak curvature tensor is a bounded trilinear map in the H s topology on M for 
s > f + 2, and hence that solutions to the Jacobi equation exist. We note that due 
to the weak metric, the boundedness of the curvature of the H 1 connection cannot 
be immediately infered from the regularity of the geodesic spray. 

Next, we show that, just as for the Euler equations, pressure constant flows 
in directions with negative sectional curvature of the full diffeomorphism group, 
imply that the sectional curvature of the volume preserving subgroup is negative, 
and hence that such flows are are Lagrangian unstable, and do not possess conjugate 
points. 
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We remark, that even if M is a fiat manifold such as the flat torus T n , the volume 
preserving diffeomorphism group T)"(Y n ) is not flat. In fact, even the curvature 
of the right invariant H 1 metric on V s (T n ) does not vanish. Note that this is in 
contrast with the curvature of the right invariant L 2 metric on V s (T n ) which does 
vanish. 

The paper is structured as follows. In Section 2, we describe the functional 
analytic setting of the geometry of the diffeomorphism group with H 1 metric. In 
Section 3, we define the covariant derivative of the H 1 metric and prove the local 
well-posedness of the geodesic equations of this H 1 metric on the volume preserving 
diffeomorphism group. In Section 4, we define the curvature of the H 1 metric on 
2? M (M), prove that it is bounded in the strong H s topology, and establish existence 
and uniqueness results for the Jacobi equation. Finally, in Section 5, we describe 
the Lagrangian instability of the mean motion of incompressible ideal fluids. 

2. Functional- Analytic Setting 

2.1. Preliminaries. Let (M, (•, •}) be a compact oriented Riemannian n dimen- 
sional manifold without boundary and define V s (M) to be the set of all bijective 
maps rj : M — > M such that rj and ?y _1 are of Sobolev class H s . For s > S + 1, 
V s (M) is a C°° infinite dimensional Hilbert manifold which, about each i], is locally 
diffeomorphic to the Hilbert space H*(TM) := {X £ H S (M,TM) : ir o X = 77} 
where it : TM - > M. The condition s > § + 1 ensures that V S (M) C H S (M, M) is 



open (see [ |MEF| , Proposition 2.3.1) 

A local chart is given by u cxp : H^(TM) — » T> S (M), uj CX p(X) — exp o X, where 
exp is the Riemannian exponential map of (•,•). The manifold V s (M) is a topolog- 
ical group with composition being the group operation. The cj-lemma asserts that 
for each ij G V s (M), right composition a v : V s (M) — » V s (M) is C°°, while for all 
j] e V s+r (M), left composition lo v : V s (M) -» V s (M) is C r . 

2.2. Weak I? structure. The weak L 2 right invariant Riemannian metric on 
V s (M) is given by 



(X V ,Y V ) = (Xnix^Y^x))^^!), (2.1) 

J M 

where r\ 6 V s (M), X v , Y n € T V V S (M), and (•, •) and [i are the Riemannian metric 
and volume element on M. We let V be the Levi-Civita covariant derivative of (•, •) 
on M, and K : T 2 M — > TM the induced connector. 

Remark 2.1. Associated to the unique Riemannian connector K of the metric (•, •) 
on M are unique local connection 1-forms which which can also be used to define 
V. Let us denote by V the model space of TM. By definition, there exists an 
open cover {O a } of M and functions {ip a } defined on O a such that for all x £ O a , 
^a(s) : V — > T X M is an isomorphism and the map x 1— > ^J a (x)^ from O a to TM 
is smooth for all £ e V. If f7 € C°°(TM) and 1/ G T0 a , then f7(x) = ^ a (a;)C(x) 
where £(x) = ip a (x)^ 1 U(x) G V for all a; G C a , and V on TM necessarily has the 
form VvU = i/> a {x)[T£ ■ V + A a (V)£(x)], where the local connection 1-forms A a 
are defined by A a {V)£, := ^{x)- 1 Vy [ip a (x)Z] for all £ £ V. 

It is a fact that the unique Levi-Civita L 2 covariant derivative V° of (■, -)o is 



given pointwise by V (see JEMf); namely, if X, Y G C°°(TV S (M)), then 

V^y = ifo(TF-X). (2.2) 
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Furthermore, V° is right invariant. For X V ,Y V 6 T V V S {M), let X,Y be their C°° 
extensions to vector fields on V s (M) . Let t <— ► r\t be a smooth curve in V s (M) such 
that rjQ = rj and (d/dt)\orjt = X n . Then 







Y(r) t or) r ) o + (V x^-iY^ o -q l )or), 

o 

where r„ : T n V s (M) x T n V s (M) -> T n V s (M) is the Christoffel map. Namely, for 
fixed T) £ V s (M), let (O a ,ip a ) be a local frame (or trivialization) for the bundle 

£ v = U xeM T v ( x )M i T](M) 

modeled on W. Then for each x £ O a , ip a ( x ) '■ VV — > T„( X \M is an isomorphism. 
Letting £(&) = ^(x) -1 !^^), for each x £ G a , the Christoffel map is given by 
T n (X TI ,Y T j)(x) = ij] a (x)[A a (r](x))(X rj (x))^(x)]. The covariant derivative V on £ n is 
given by the operator V : C°°(£ v ) x £ v — > C°° (£,,), or for X^), ^(x) elements of 
the fiber f^( x ) over ry(a;), Vx ?(l) ^(i) £ £ v (x)- It is clear that this is equivalent to 
Vjy„ r i)(J, 077 ~ 1 ) 077 using the symbol V here to denote the covariant derivative 
on M (or TM). We shall use the symbol V to denote the covariant derivative on 
both TM and £ v , as the context will be clear. 

We may also consider M as the base manifold, in which case we define the 
pull-back bundle rf(TM) = U x ^mT v mM I M. The covariant derivative on this 
bundle is the operator V : C°°(£ 7) ) x TM C°°(£ v ). In this setting, we differ- 
entiate a vector Y v r x \ in the direction of a vector in TM , and this vector is often 
obtained by the push-forward of a vector X^t x \ £ T^t x \M by r) . For example, 
^ 7 Tti- 1 (ti(x))x (x)Yri(x) £ T n (x)M. It is often convenient for computations to take 
this equivalent point of view. 

2.3. The Laplacian. Letting A = dd + Sd denote the Laplace-de Rham operatorQ 
we define the H s metric as follows. Let X, Y £ T e T> s (M) and set 

(X,Y) S = [ (X(x),(l + A s )Y(x))^x). (2.3) 

J M 

Extending (•, -) s to V s (M) by right invariance gives a smooth invariant metric on 
T> S (M). We shall be particularly interested in the metric (•, 

In order to obtain formulas for the unique Levi-Civita covariant derivative of 



•}i, it is convenient to express the metric (2.3) in terms of the rough Laplacian 



A = TrVV. We will need the relationship between the rough Laplacian and the 



Laplace-de Rham operator so that we may express (2.3) in terms of A. Let V* 
denote the L 2 formal adjoint of V so that for any X £ C°°(TM) and S,T £ 
C°°(E), E a vector bundle over M, (W* x S(x),T(x)}o = (S(x),V x T(x)} . Then 
V* x = -Vx + divX. To see this, note that 

(V* X S, T) = J (S, V x T)n = Jx(S, T)n - (V X S, T) 

= J{S,T)AiyX^- (V x S,T} . 
If divX = 0, then V* x = — Vx which we shall often make use of. 

We identify vector fields and 1-forms on M. 
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Next, let t G C°°(T*M ® TM), let be a local orthonormal frame on M, 
and let a G C°°(TM) with support in the domain of definition of the local frame 
{e^}. Then 

(V*t,<j) = (r, Va)o = (T( ei ),V ei <7)o = (V* e .(T(ei)),a} . 

We may choose the frame {e^}, so that locally Ve^ = and hence dive^ = 0. Then 

V*r = V: i r(e 4 ) = -V 64 (T(e i )) = -(V ei r)(e. i ) = -Vr(e j ,e i ), 

where the last equality follows from our choice of frame, since V ei (r(ei)) = (V ei r)(ei) = 
Vr(e l ,e i ). Hence V*r = -Vr(e l ,e l ), and since VX E C°°(T*M ®TM), we have 
that 

A = -V*V. 

With the notation established, we write Bochner's formula relating A with A on 
1-forms as 

Aa = Aa + a(Ric(-}}, (2.4) 

where Ric(X) :— R(ei 7 X)ei, R being the curvature of V on M (see, for example, 
(rJ). Because the Ricci tensor is a self-adjoint operator with respect to the metric 
on TM, for X G C°°(TM), we have that 

AX = V*VX + Ric{X). 



2.4. Weak H 1 metric. Using (2J3), the H 1 metric at the identity may be re- 
expressed as 

(X,Y) 1 = (X,(l + Ric)Y) L 2 + (X,V*VY) L 2 

= (X,(l + Ric)Y) L 2 + (VX,VY) L 2 (2.5) 



for all X, Y G T e V s ^(M). The metric (2J3) extends smoothly by right translation 
in the following way. Let X V ,Y V E T^V^M). Then 

(X rh Yr,)i = / (X ri (x),Y n (x) + Ric(Y v orj^ 1 ) OT](x)), q ( x) 

J M 

+ (V(X V o rj- 1 ) o tj(x), V(r„ o 77- 1 ) o V (x)) v(x) v. (2.6) 

From the implicit function theorem, the set of all volume preserving H s diffeo- 
morphisms of M, X>*(M) := {7/ G V S (M) : r)*((i) = /j}, is a submanifold of V S (M) 
with the induced right invariant H 1 Riemannian metric, as well as a subgroup. 
For each r\ G T)^(M), the metric (2.£) defines a smooth orthogonal projection 
P v : T V V S (M) -> TrjV^M) defined by 

?,(i) = (? e (ioT ) - 1 ))o I) , xex n v s (M), 

where P e is the H 1 orthogonal projection onto the 1-forms {a G H s : a G ker<5} in 
the Hodge decomposition 

H S {T*M) = kerS ® H i dH s+1 (M). (2.7) 



Sec [Moi] for a detailed proof of the Hodge decomposition. 

Remark 2.2. We remark here that it is essential to use the Laplace-de Rham op- 
erator in defining the metric ( |2.6| ) in order for the Hodge decomposition to hold. 
Using the rough Laplacian instead to define the H 1 metric would not provide an 
orthogonal decomposition in the H 1 topology of divergence-free vector fields and 
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gradients of functions, unless the manifold M is either flat or Einstein, as can be 
seen from (2.4). 



3. H 1 COVARIANT DERIVATIVE AND ITS GEODESIC FLOW 

3.1. Weak H 1 Riemannian connection. Next, we compute the Riemannian 
covariant derivative on T> S (M) of the H 1 right invariant metric restricted to vectors 
tangent to V s (M). Using the Hodge decomposition, we define the induced covariant 
derivative V 1 on T> S JM). We then prove the local well-posedness of the geodesic 
equations of V 1 . 

Theorem 3.1. The unique Levi-Civita covariant derivative V 1 of (•, -)i restricted 
to vector fields in TT> S ^{M) is given by 

Vx^ = V X F + A(X, Y) + B{X, Y) + C(X, Y), (3.1) 
where for any r\ 6 T> S „(M), 

M x v> Y n) = \0- + Rlc <i - ^r 1 [v'ivi^^rVy,,^]- 1 ^]- 1 ' 

+VY v [T V }- 1 \/X v [T V }- 1 [Tr 1 }- lt + (VX,[TrT ^(VY^T^ 1 )'^]- 1 ' 

+(vr J ,[r ?? ]- 1 )(vx,[T ?7 ]- 1 ) i [rr,]- lt -(vx r ,[Tr ? ]- 1 ) i (vy,[r ?? ]- 1 )[T ?? ]- lt 

-(Vy^Tr,]- 1 )*^^]- 1 )^]" 1 *} 



B n (X v ,Y n ) = X - {1 + Ric v - - Tr^VX^Trj-^-),^) • 

+R(X7Y V T V - 1 (-),X V ) ■+R(X, 1 ,-)\7Y v Tr 1 - 1 {-) + R(Y V , ^VX^ 1 { 
+V*[R(X v ,Tr lt )Y v +i?(r„,Tr ? - li )X, ) ]} , 

C v (X v ,Y n ) = (1 + ffic,, - A,,)- 1 [(V XTI Ric)(Y n ) + (V Yv Ric)(X n ) 



-- [((VRic{-){X v ),Y n )t + ((ymc(-){Y v ),X v )*] 
where X n ,Y v E T V V S ^(M), 

Ric ri (X v ) = Ric{X v o rj^ 1 ) o r) 
is the right-translated Ricci tensor, 



Ric v ([X v ,Y n }) 



A, 



-V*[V(-)(Tr,)- 1 (T ?7 )- lt 



(3.2) 



and (•)" is the operator mapping 1-forms to vector fields through the given metric 
on M. 



Proof. Formula (3.1) is obtained by a lengthy computation using (2.6) and the fun- 
damental theorem of Riemannian geometry which associates to every strong metric, 
a unique Levi-Civita covariant derivative. Although (•, -)i is a weak metric, V 1 is 
still uniquely defined by virtue of the existence of a C 1 geodesic spray restricted to 
tangent vectors on V s (M) (see Theorem [O). □ 
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Remark 3.1. Note that for X v G H°(TM), the operators [Trj]- 1 , [Try]- 1 ', and VX, 
induce the following pointwise operators 

[Triix)]- 1 :T V{X) M ^T X M, 
[T V {x))- lt :T X M -fr, (s) M, 

Remark 3.2. Since [Tt7] _1 [T77] _1 is positive symmetric, the spectrum of — A I( , 
<t(—A v ), is positive. We can ensure that ^ cr(l + Ric v — A) by requiring that M 
have nonnegative Ricci curvature or in the case that M has negative Ricci curvature, 
by insisting that | — a(Ric v )\ < 1. More generally, we require Ker(l + Ric v — A, ; ) 
to be either empty or unique for all x € AI, rj £ T)^(M). In the case that the kernel 
is not empty, we shall restrict our phase space to the orthogonal complement of 
Ker(l + Ric^ — A^) but this may only occur if on manifolds M with negative Ricci 
curvature (this is essentially Bochner's theorem). 

Now, on H S+1 (M), A = dS = — div grad, so an explicit formula for P e : 
T e V s {M) -> T e V1(M) is obtained as follows. Suppose that V € H S (TM) 1 and 
let p e H S+1 (M) solve Ap = divV. Then 

P e (V) = V - gradA _1 divV. 

We shall denote the orthogonal projection onto dH s+1 {M) by 

Q e (V) = gradA _x divV. (3.3) 

T> S AM) thus becomes a weak Riemannian submanifold of V s (M) with the metric 
( ^•C| ), and the induced covariant derivative 

V 1 = Po V 1 

is inherited from V s (M). 
3.2. Geodesic flow of V 1 . 

Theorem 3.2. If r/(t) is a geodesic of V 1 , then U(t) = f/orj^ 1 ^) is a vector field 
on M which satisfies the mean motion equations of an ideal fluid, 

d t U(t) + (1 + A)- 1 [Vt/ (t )(l + A)U(t) + (VU(t)(-),AU(t))*] = -grad p(t) 

divU(t) = 0, J7(0) = U , 

(3.4) 

where p(t) is the pressure function which is determined from V(t). Laplacian 



Proof. Together with the Hodge decomposition (2.7), a a straightforward compu- 
tation of the coadjoint action ad* of V s (M) given by 

{&d* v W,U) 1 = (ad v U,W)i, . . 

&d v V = ~[U, V], U,V,We T e V s (M) ^- 0J 



shows that ( p.4| ) is simply 

U(t) = -P e o a d* u{t) U(t), 
the Euler-Poincare equation for the induced H 1 metric on P*(M). □ 
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Remark 3.3. Notice that the Euler-Poincare equation (3.4) is expressed in terms of 
the Laplace-de Rham operator A. In terms of the rough Laplacian A, 

aduU = P e o (1 + Ric - A)^ 1 \Vu(l + Ric- A)U - VU l ■ [Ric+A]U . 

We shall need the following lemmas, the first of which is similar to Lemma 2 of 
Appendix A in [|EM ] . 

Lemma 3.1. Let A ( . } : U, eB , (M) ^(TM) | V^M) — > U veV s i(M) H^ 2 (TM) J. 
2?*(M) be given by 

& v = -V*W.){Tt,)- 1 (Tt,)- 1 '] 
and the identity on P*(Af). Then A(.) is a C 1 bundle map. 

Proof. Let H^\T*M ® TM) = H s -\\J xeM {T* {x) M ® T v(x) M) | M), and let 

f( V ) = V(-)(Tr 1 )-\T V r lt . 
We first show that / is a C 1 section of the bundle 

U v ^{M)Kam{H s v (TM),H s - x {T*M®TM)) | X>*(M). 

Continuity of / is clear. We compute its derivative. With V € H^(TM), the 
w-lemma asserts that 

Df(v)(V) = VO^-^Vy)^]- 1 ^]- 1 ' - VOJtTt/]- 1 ^]- 1 *^*^]- 1 *. 

Now, 



mm 



£(^(TM),Hom(/f'(TM),/f;- 1 (T«M®TiM))) 

su l> i H- C '/( 7 ?)(^ / )llHom(H=(TM),ff^ 1 (T*Af(8TM)) 



V€i?»(TAf),||V| 

SUp SUp IIW('?)(^})(W / }llffr 1 (T*M®TM) 

yeff, s ; (TM),||uj| s =i weH°(TM), \\w\\ 3 =i 
<C(||T ?7 || s _ 1 ,||[T ?7 ]- 1 l| s _ 1 <oo, 

where the last two inequalities are due to the w-lemma and the fact that [Ti]}^ 1 G 
H 3 ^ 1 whenever r\ e H s , again by the w-lemma. Let O C T> s {M) be a be neighbor- 
hood of some rj. Locally A. acts on O £§> T for a trivialization {f/'( 7 ?)}?)£0 such that 
i)(r}) : H*(TM) -» T isomorphically. 
Computing the supremum of 

\\Df(l])\\c(H°(TM),Hom(H°(TM),H°- 1 {T'-M<g>TM))) 

over all rj £ O defines the C 1 topology. Since we may bound the supremum, we 
have proven that / is C 1 . Now thinking of V(-)[T77]~ 1 [T?7]~ lt as a map on J 7 , it 
is smooth by the w-lemma. To see this, it suffices to consider the fiber over the 
identity e, where the operator is a linear and hence a smooth bundle map. 

The operator V* acts fiberwise, and is linear, hence smooth as a bundle map. 
This proves that A(.) is a C 1 bundle map, which proves the lemma. □ 

Remark 3.4. Although we shall only need the C 1 regularity, it seem likely that by 
considering higher order derivatives of V(-)\Trj\~ 1 [Trj\~ 1 , thought of as a bundle 
map, we could obtain the C k regularity of A(.) for any nonnegative integer k. 
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Lemma 3.2. The operator (1 + Ric { .) - A ( . ) )- 1 : U^. {M) H°[TM) J. X>*(M) — > 
^ v ev^M)H^(TM) I V^M) is a C 1 bundle map. 

Proof. By the smoothness of right translation, the map r\ i— > Ric v is smooth. Thus, 
(l + ffic(.) — A(.)) is smooth (using Lemma 3.1) and by assumption has trivial kernel 
and closed range, hence is a C 1 bijection. By the inverse function theorem, a C 1 
bijective bundle map covering the identity has a C 1 inverse. □ 

For the following theorem, recall that TTV S ^(M) is identified with H s maps 
y : M —> TTM covering some X v G T V V S ^(M). 

Theorem 3.3. For s > ^ + 1, there exists a neighborhood of e G T> S ^(M) and an 
e > such that for any V G T e T> s ^(M) with \\V\\ S < e, there exists a unique geodesic 
rieC 1 -((-2,2),r2>J(M)) satisfying 

%r, = 0, 77(0) = e, r)(0) = V, 
with smooth dependence on V . 

Proof. Let r\ (t) be a curve in 2?^(M). Using the formula for the induced covariant 
derivative of the H 1 metric (3^) on V S ^(M) or by a computation of the first variation 
of the energy (see [HKMRS] for the detailed computation) 

£{ri) = \ [m)Mt))idt, (3.6) 



we find that 

P v o = P v o (1 + ffi c „ - A,,)- 1 [V* [{-(Vr)[TrT ^'(VtHTt/T 1 ) 
+Vr)[Tr ) r 1 Vr)[Tr7r 1 + (Vr)[Tr / ]- 1 )(Vr)[Try]- 1 ) t } [Tr?]" 1 * 
+(V^ic)(rj) - i(Vffi C (-)(r)),r)}» - {Tr[i?(V?)Ty7 — y)) • 

+R(fi, OVrjTrj-^-)] + V*{i?^(r), TtT 1 ')?)}] (3.7) 
:=Pr ; o^(r)). 

Using the notation of Remark [2.l| , we let (C Q , V'a) be a trivialization of and 
set fi{x) = ip a (x)t;(x). For all x G O a , we express S^^m^x) by \? 7 )f](x) — ^ a (x)[£ l + 
(A a o i])(x)(rj)£ i (x)]. Let F v be the localization of F, t in (0 a ,?/> a ). Then, in this 
trivialization, we may write (3.7) in the form of a geodesic spray S : T2?^(M) — > 
TTV^(M). We have, locally, that 

We show that S v is a quadratic form. Clearly, F v is quadratic; as for the term 
Qriipa£,, we note that 

and since div(V> a £ ° T 1 ) = 0, Q e ° T 1 ) ° ?7 = Qe[T(V> a £ ° fT 1 ) ' W>a£ ° ?7 -1 )] 
so that 

= gradA- 1 [Ric(V>„£ ° Ti^M ° J? -1 ) + Tr(VftU ° J? -1 ) • V(V>a£ ° rf 1 ))] ° »?, 
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where Ric(V, W) = Ric(V)W . This shows that S v is quadratic in £. 

The projection P r) is a smooth bundle map. Namely, P : TV S {M) J. U*(Af) -> 
TV S ^(M) is C°°. (To prove this one need only replace the L 2 orthogonal projection 
onto the harmonic forms by the H 1 orthogonal projection onto harmonic forms in 



Lemma 4 of Appendix A in [ EM 



The map x i-> (A a o 77) (x) € C°°(O a , [T*, vM] 2 T v{x) M) since the local con- 
nection 1-forms and right translation are both smooth maps. Since rp a (x) is an 
isomorphism, tp a [(A a ??)(•)(•)] : C^n) 2 ~~ * Hi smoothly. 



By Lemma 3.2, (1 + Ric(.\ — A/.)) -1 is a C 1 bundle map. Since R and Ric are 
fiberwise multilinear maps, it follows from the smoothness of right translation that 
all terms involving the curvature are smooth bundle maps. Letting U = rjorj^ 1 , we 
need only prove that the terms [-(Vf7)*(Vt/) + (Vt/)(VJ7) + (V[/)(VJ7) t lJT7 ? ]- 1 * 
are C 1 bundle maps. The argument for this is identical to that of Lemma 3.1. 

We have shown that S : TP*(M) -» TTV^M) is a C 1 bundle map. A standard 
Picard iteration argument for ordinary differential equations in a Banach space then 



proves the existence of a unique C 1 flow (see [La|, Theorem 1.11), and this proves 



the theorem. □ 



Together with Theorem 3.2, we have proven the local well-posedness of the Cauchy 



problem for the hydrodynamic mean motion equations (3.4) on M . This implies 
the following facts. 

Corollary 3.1. Let rj £ T> s fl {M) be in a sufficiently small neighborhood of e. Then, 
there exists a vector field V on M such that exp e {V) — rj. In other words, the 
Euler-a flow with initial condition V reaches rj in time 1. 

As another corollary, we immediately have the H 1 analog of Theorem 12.1 of 



Corollary 3.2. For s > 4 + 1, let r)(t) be a geodesic of the right invariant H 1 
metric on 2?£(M). Ifr](0) £ V s + k (M) and j)(0) G T n(0) V s + k (M) for < k < oo, 
then 77(f) is H s+k on M for all t for which r/(t) was defined in U^(M). 

The proof of this theorem exactly follows the proof of Theorem 12.1 o f JEM) once 



we have the regularity properties of the exponential map. As noted in [EM| for the 
case of the Euler equations, this has the important consequence that the time of 
existence of a geodesic does not depend on s, so that a geodesic with C°° initial 
conditions is a curve in 

V»{M) = n s>n/2 X>£(M), 
where X> M (M) is the ILH (inverse limit Hilbert) Lie group of C°° diffeomorphisms. 



Remark 3.5. A computation of the first variation of (3J3) on the full diffeomorphism 
group shows that the geodesic spray has no derivative loss in this case as well. For 
example, on S , with A := rj^ 1 (d x r]~ l d x ) and for a > 0, the principle part of the 
geodesic spray, for s > 5/2, is given by 

fj = (1 - a 2 A)- 1 [(-2t) + a'Af,)^ 1 ^] . (3.8) 

It is clear that the nonlinear dispersion arising from the H 1 metric regularizes the 
shock formation of the Burger-Riemann equation into traveling peaked solitons (see 

2 We would like to thank the referee for pointing these out and suggesting their inclusion in 
this paper. 
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pTAIRl ]). The fact that the Burger- Riemann equation which arises from the L 2 
right invariant metric shocks, is a connected to the loss of smoothness of the spray, 



for in the a = limit, (3.8) is rj = —2rj~ l fj x r) which has derivative loss. 

A similar but lengthier computation shows that for s > n/2 + 2, the geodesic 
spray has no derivative loss on the full diffeomorphism group in n dimensions, so 
that the covariant derivative V 1 can be uniquely defined for all vectors in TT> S (M). 

4. Curvature of the H 1 metric 

Because the Lie-theoretic computation of the sectional curvature is difficult to 
compute on manifolds M with nonvanishing curvature, we use basic submanifold 
geometry to estimate the curvature of the H 1 metric on V^(M) for arbitrary smooth 
manifolds. 

4.1. Curvature of V 1 . We denote by R° the curvature of the L 2 metric V°. 
Proposition 3.4 of Ml states that R° is completely determined by R, the curvature 
of M, and is a bounded trilinear map in the H s topology. Namely, for X v , Y n , Z v £ 
T V V S (M) and using the right invariance of V°, it is evident from formula (pj) that 
R° may be expressed as 

R°(X V , Y v )Z n = (R(X n o rj~ x ,Y n o n - x )Z v o t?" 1 ) o V . 

It follows that R° is right invariant, and that 

Wtfix^Yjzj. < c\\xj s \\yj s \\zj S7 

where C denotes any constant which may depend on s, rj, and the derivatives of the 
metric (•, •} on M, 

Now for each 77 £ 2?^(M), the weak metric (2.6) splits T V T> S (M) into the direct 
sum 

T V V S {M) = T V V^M) e ff i u v V^(M), 

where v n V^(M) is the H 1 orthogonal complement of T V V^(M) in T V V S (M). We 
now introduce the (weak) second fundamental form S of V S ^(M) by assigning to 
each 7] £ T> S JM) a map 

S n : T V V;(M) x T V V M (M) - v v V^M). 

Given X V ,Y V £ T n V^(M), we extend them to C*°° vector fields X,Y on £>*(M), 
and define 

S V (X V ,Y V ) = Q v (V x Y(ri)), (4.1) 
= Q v (V° x Y(r)) + A^iXr,, Y v )) + B V (X V , Y n ) + C V (X V ,Y V )), 
where r\ £ T> S JM) and 

Q„{X n ) = (Q e (X v o Tj" 1 )) o n 

can be computed explicitly from (3.3). 

We next define the (weak) Riemannian curvature tensor R 1 of (■, -)i on V S (M). 
This is the trilinear map 

R\ : T V V S {M) x T n V s {M) x T V V S (M) -» T V V S (M), 

R\{ X n^ Y r)) Z V = i^X^Y^V ~ (^Y^x z )n - i^[x,Y] Z )v 

where i] £ V s (M) and X,Y,Z are smooth extensions of vectors X^^Y^^Z^ to a 
neighborhood of rj. 
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Lemma 4.1. For 77 G V S (M), B v : (H*(TM)) 2 -> H^ +1 (TM) continuously. 

Proof. Let I,y,Ze T e V s (M). Since s > § + 1, £T is a multiplicative algebra for 
r > s — 1; hence, it suffices to obtain the estimate at the identity e. 

We use the fact that R° is a continuous trilinear map in the H" topology, and 
estimate B v using equation For the terms Tr[ii(V.X, F) ■ +R(V.Y,X) ■ 

+R(X, -)V.F+i?(F, -)V.X] we use the continuous embedding ff s_1 (TM) C°{TM), 
while for the term V*[i?(X, .)Y + i?(F, -)X] we use that V* : ff s -> if 8 " 1 is con- 
tinuous. Since (1 — A) -1 is a pseudodifferential operator of order -2, we obtain 
that 

||s(x,y)|| s+1 <c||x|| 5 ||y|| 5 , 

where the constant C may depend on R and s. □ 
The same argument shows that 

Corollary 4.1. For each r, G P s (Af), B„ : H*(TM) x H^ 1 (TM) -> H*(TM) 
continuously. 

Similarly, 

Lemma 4.2. .For eac/i 77 G T> S (M), the following are bounded multilinear maps: 

i) C v :{Hs{TM)?^Hs+\TM), 

ii) /or eacft X I( G T n V s {M), : H*(TM) -> H^ l (TM), 
hi) A, : {H°{TM)f ^ H*{TM). 

Proof. Items i) and ii) are trivial, while for item iii), we use that iP -1 is a Schauder 
ring. □ 

Proposition 4.1. Let M 6e a compact n dimensional manifold. For s > 4 + 2, 
and 7? G P£(M), fl* : {T V V^(M)) 3 -> T„I>»(M) is continuous in the H s topology. 

Proof. For 7? G X>£(M), let X V ,Y V ,Z V G T^V^M), and let X,F,Z be smooth 
extensions to a neighborhood of 77. Let F) = A(X, F) + F) + C(X, F). 

Then 

- (v3cV^z)(»,)-(vi,vifZ)(q)-(vf JC>y] z)(q) 

= Y,)Z„ + £>(X, V^Jfa) - D(F, V3f Z)(»j) 

+ (V° X ^(F,Z))(7;)-(V^(X,Z))(7;) 

+D(X,D{Y,Z))( V ) - D(Y,D(X,Z))(rj) - D([X,Y],Z)(rj). 

Since R? is a bounded trilinear map in the H s topology, we must show that the 
remaining terms are bounded trilinear maps in H s as well. These terms are of two 
types. Type / terms involve commutation between V° and D, while the type II 
terms involve commutation between the bilinear forms A, B, and C . From Lemmas 



4.1 



and 4.2 it is clear that the trilinear map formed by type II terms are bounded 
maps in the H s topology; hence, we estimate type I terms. 

We begin with type I terms which are the commutation of V° and B. Since 
for each 77 G V s (M), H^ 2 is a Schauder ring, using the right invariance of || • || s 
it suffices to obtain the continuity of the trilinear maps at the identity e. Using 



Lemma 4.1, it is clear that terms of the type S7° X B(Y, Z) are continuous in H s , 



while Corollary 4.1 gives the bound on the remaining terms involving B. Clearly, 



since C n is as regularizing as B Vl by the same argument, we have that all type I 
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terms involving the commutation of V° and C are continuous trilinear maps in H s 
as well. The difficult type I terms to estimate are those involving the commutation 
of V° and A, since by part iii) of Lemma 4.2, it appears as though a derivative loss 
may occur in some of these terms. 

In fact, such a derivative loss does not occur, and for the purpose of estimating 
these terms, it will suffice to replace A e with 

A(X, Y) = A" 1 V* (VI • VY) 

for X, Y E T e T> s ^(M). The terms we must estimate are given by 

VyA _1 V*(VX • VZ) + A~ X V*(VY • V X Z) + A _1 V*(VY • A _1 V*(VX • VZ)) 

-VxA- x V*(VY • VZ) - A _1 V*(VX • VyZ) - A _1 V*(VX • A~ X V*(VY • VZ)) 

-A _1 V*(V[X, Y] ■ VZ). (4.2) 

We shall need the following lemma which is Corollary 4.2 of (t). 

Lemma 4.3. Let a and (3 be pseudodifferential operators with symbols of order m 
and n, respectively. Then the commutator [a, (3] is a pseudodifferential operator 
with symbol of order m + n — 1 . 



Using Lemma 4.3, [A 1 V*, Vy] is a pseudodifferential operator of order —1, so 
that [A" 1 V*,Vy] : H s -> H s+1 continuously. Hence, using the property of the 
Schauder ring, it is clear that 

||[A- 1 V* ) Vr](VX-VZ)l] s < C|LY|| S ||Y|| S HZ|| S) 

where, in general, the constant C may depend on M and ?y. Similarly, we have the 
identical estimate for [A _1 V*, Vx](VY ■ VZ). 
Next, we consider the endomorphism 

VyVI • VZ + VX ■ Vy VZ - V X VF • VZ - VY ■ V x VZ - VVyl + VVx Y ■ VZ. 



Again, using Lemma 4.3, [Vy, V] is order 1, so that 

||[Vr,v]A-.vz||a_i <c||xyyy|z|u 

wit h th e same estimate for [Vx, V]Y • VZ. After commutation, most of the terms 
in (4.2) cancel, and we are left to estimate 

A _1 V*[VX • VyVZ - VY ■ V X VZ]. 

It suffices to estimate the first term. Now 

A _1 V*[VX ■ VyVZ] = A^KVyVZ)* ■ AX*} + A _1 (V*VyVZ), (4.3) 

so the first term in the right-hand-side of ( |4.3| ) is clearly a continuous mapping in 
H s . For the second term we use the identity on divergence- free vector fields given 

by 

divV^F = Ric(A, Y) + Tr(VA • VF), 
where Ric(X, Y) = (Ric(X),Y). We obtain that 

V*Vy VZ = grad[Ric(y, Z) + Tr(VF • VZ)] + [V*, V]VyZ + V*[Vy , V]Z. 
Hence, using Lemma 4.3, V*VyVZ : H s — > H s ~ 2 is continuous, so that 
HA-^^VX • VyVZ - VY ■ V X VZ]|| S < C||X|| S ||F|| S ||Z|| S . 
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This completes the estimates on each term of R\(X : Y)Z . Since we allow our 
constant to depend on r\ and since H s ~ 2 is a multiplicative algebra, we have that 
for any r\ G V s (M), 

WR^X^Zjs < C\\X V \\ S \\YJ S \\ZJ S , 

where C denotes any constant which may depend on s,rj, and derivatives of (■, ■) 
on M. □ 

4.2. Curvature of V 1 . Next, we define the (weak) curvature R 1 of the induced 
metric (■, -)i on T> S AM) as 

Rl : T n V^{M) x T n V^{M) x T,2^(M) - V?*(M), 
Rl(X v ,Y v )Z v = (V^V y Z)„ - (VyV^Z), - (V\ XtY] Z) v , 

where 77 G 2?* (M), and X, F, Z are smooth extensions of X^, Fj, 2^ in a neighbor- 
hood of r\. 

In order to estimate R 1 , we shall make use of the Gauss formula in submanifold 
geometry which relates the curvature of V s (M) with the curvature of T)*{M) using 
the second fundamental form. Let X, F, Z, and W be smooth vector fields on 
2?*(M). Then for any 7/ G P*(M), we have 

(-R 1 ^, F)Z, W)i = (R 1 (X,Y)Z,W) 1 + (S n (Y 1 Z),S v (X,W)) 1 

Z), S^Y, WO) 1. (4.4) 

Theorem 4.1. TTie curvature R 1 of the induced H 1 metric on'Df t (M) is a trilinear 
operator which is continuous in the H s topology for s > § + 2. 

Proof. For the purpose of obtaining estimates on R 1 we shall use the equivalent H s 
metric given at the identity for X, Y G T e T> s ^(M) by 

(x,r) s -<x,(i-A) s r) L2 , 

and then extended to TT>^(M) by right invariance. This gives a smooth invariant 
metric on P*(Af) which induces a topology which is equivalent to the underlying 
topology of 2?*(M). 

We will estimate supiijyn _ 1 (ii :l (.X', F)Z, W) s using the Gauss formula (4.4). Let 
X,Y, Z G T e D"(M), and let W G C°°{TM), divW = 0. We have that 

(i? 1 (X,r)Z,(l-A) s VK)o = (i? 1 (X,y)Z,(l-A) s iy) (4.5) 

+ (S e (F, Z), (1 - A)S e (X, (1 - A) s - 1 T4^))o 

-{S e (X, Z), (1 - A)S e (Y, (1 - A) s - V)) . 

Now, S e (X, F) = Q e (V x F)+Q e £(X, F), where F) = F)+£?(X, F) + 
C(X,Y), so 

(5 e (F, Z), (1 - A)S e (X, (1 - A) S - 1 TF)) 



= (Q e (VyZ), (1 - A)Q e V x (l - A) FF) 







+ (Q e (V y Z), (1 - A)Q e D(X, (1 - A) S - 1 TF)) (4.6) 
+ (Q e D(Y, Z), (1 - A)Q e (V x (l - A) S - 1 TF)) 

+ (Q e ^(F, Z), (1 - A)Q e D(X, (1 - A) s_1 W))o- 



16 



S. SHKOLLER 



For the first step, we will obtain the estimates for (4.6) in the case where D is 
just B. We begin by estimating the first term on the right-hand-side of (4.6). Using 
the fact that Q e is also an orthogonal projection in L 2 , we have that 



(Q e (VyZ), (1 - A)Q e V x (l - A) s - 1 l^) 



(4.7) 



= -((1 - A)^VxQ e (l - A)Q e V Y Z, (1 - A)*W> 
Using the identity for divergence-free vector fields 

divVxY = Ric(X, Y) + Tr(VX • VF), 

and choosing a smooth local orthonormal frame {e^} in which the rough Laplacian 

A = V ei V ei , we see that 

Q e AQ e V y Z = gradA -1 Ric(ei, V ei gradA -1 Ric(y, Zj) 

+ gradA -1 Tr[Vei • VV ei gradA _1 Ric(y Z)\ 

+ gradA" 1 Ric(e i , V ei gradA- lr ir[Vy • VZ] 

+ gradA- lr Er[Vei • WetgradA-^Vy • VZ]] (4.8) 



We estimate the last term in (4.8) since it is least regular. We obtain 

||gradA -1 Tr[Vei • VV e< gradA _1 Tr[Vy • VZ]]|| a _i 

< ||Tr[V ei ■ VV^gradA-^fVy ■ VZ]]]] S _ 2 

< CIlVe.gradA-^lVy • VZ]]|| S _! 

where we used the fact that H s ~ 2 is a multiplicative algebra, and the constant C 
may depend on a. Now 

HVe.gradA-^Vy • VZ]]|| s _i 

< HA^CVgradA-^fVy ■ VZ}) ■ ei\\o 

+ ||(VgradA- 1 Tr[Vy ■ VZ]) ■ A^e^o 

< c||Tr[vy • v^]|U_i < c||y|U||^|| s . 

This shows that ||Q e (l - A)Q e V Y Z\\ s _ l < C\\Y\\ S \\Z\\ S , so that applying the 
Cauchy- Schwartz inequality to ([4.7|) we obtain 

\(Q e (W Y Z), (1 - A)Q e V x (l - A) S - 1 TU) | 

< C||VjcOe(l - A)Q e V y Z|| s _ 2 ||lU|| s 

< c{\\A s r(yQ e (l- A)Q e V Y Z)-X\\ Q 

+||VQ e (l - A)Q e V Y Z • A^X||o} \\W\\ S 

< c{||VQ e (l - A)Q e VyZ|| s _ 2 ||X|| 00 

+||VQ e (l - A)Q e V Y Z\\ 00 \\X\\ s . 2 j 

< C\\Q e {l ~ A)Q e \7 Y Z\\^ 1 \\X\\ s \\W\\ s 

<c\\x\\ s \\y\\ s \\z\\ s \\w\\ s . 

Since B : H s x H s — > H s+1 continuously, we have estimated the first and third 
terms on the right-hand-side of (4.6). 
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Next we estimate the second term on the right-hand-side of (|4.6|) . We have that 



B(X, (1 - A) S ~ 1 W) = -(1 - A)- 1 Tr[i?(-, V.(l - A) S ~ 1 W)X 



(4.9) 



[R(-, V.X)(1 - Af^W - V. [R{X, -)(1 - A) S ~ 1 W + R((l - A) S ^W, -)X]] 



Let us begin our estimate with the first of the four terms in (4.9). Let 

V=\0-- A)" 1 Q e (l - A)Q e V Y Z, 
which is of Sobolev class H s+1 . Then 

^|(Q e (WZ), (1 - A)Q e (l - A)- lr Tr[R(e h V 6i (l - A) s ~ 1 W)X])o\ 
= \(V,Tr[R( ei ,V ei (l - A) S - 1 V7)X]) .| 

((1 - AJ^ftV^V.iZfe,.*).)" + (V, (V ei i?)(e,,X)0 J 
+ (F,i?(V eiei ,X)0 J + (V,d^)R(e t ,X)-) i 



M 



Now 



M 



+{V,R{ei, V es X)0 s }, (1 - A)*w) dil . (4.10) 

(1 - A)^{(V ei y,i?( ei ,X)O s }, (1 - A) iff) 

((1 - A)^V.F,i?(-,X)>« + (V.V, (1 - A)*?R(;X))t 



< 



M 



Tr 



Tr 

(1 - A)»W^ 
((l-Aj^V.V, 



+(v.y, ((i - A)^i?)(.,x) + r(., (i - A)^x)>«] | o \\w\\, 

< c [||vv||.- 2 ||iJ||oo||-X'|| 00 + ||w|U|(i - h)^ rw^wxu 

+||W|| 0O ||i2|| 0o ||X||._ a ]||W|U 

< C\\V\\ S ^\\X\\ S \\W\\ S < C\\Q e (l - A)Q e V Y Z\\ s - 3 \\X\\ s \\W\\ s 

< c\\x\\ s \\y\\ s \\z\\ s \\w\\ s , 

where the constant C may depend on M, the derivatives of the metric (•, on M, 
and the local orthonormal frame. The remaining terms in ( 4.1C ) can be estimated 
in the same manner, so that 

^|(Q e (WZ), (1 - A)Q e (l - A) _1 Tr[i?(ei, V 6i (l - A) 8 - 1 ^)*]^ 

< c||x|| s ||r|| s ||z|| s ||ff|| s . 

Using the same type of estimates, we may bound the remaining three terms 
in (4.9), so that the second term on the right-hand-side of (4.6) with D = B is 
majorized by ||J5f || s ||y|| 8 ||Z|| s ||W|| s . The fourth term on right-hand-side of ( p| 
with D = B has more regularity than the second term, and thus has the same 
majorization. 
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Now, if we let D — C, we easily obtain the same estimates since C is as regular- 
izing as B. For D — A, we must estimate the term 

(Q e V Y Z, (1 - A)Q e (l - A)- x V*(VJf • V(l - A)iW)) . 

With similar estimates as above, we can bound this term by 

C (||(1 - A)^grad divX||o ■ ||V(1 - A)- 1 Q e (l - A)Q e V Y Z\\ oc 

+ ||grad divXHoo • ||(1 - A)^V(1 - A)- 1 Q e (l - A)Q e V Y Z\\ 
+ ||(1 - A)^VX\\ • ||V(V(1 - A)- 1 Q e (l - A)Q e V Y Z) t \\ 00 
+HVXIU • ||(1 - A)^V(l - A)- 1 Q e (l - A)Q e V Y Z\\ ) 



which is itself bounded by C||X|| s ||Y|| fl ||Z|| s ||W|| s . The estimates for the other 
terms involving A are similar. 

Hence, we have estimated the second term on the right-hand-side of (|4.5|), and 



by symmetry of the bound, the third term as well. Proposition 4.1 gives us the 
same majorization for the first term. 
Since 

\\Rl(X,Y)Z\\ s = sup{(Rl(X,Y)Z,W) s : 

W e C°°(TM),divW = 0, \\W\\ S < 1} 

< c||A-||,||y||.||z||„ 

where C depends on M and the derivatives of the metric on M, we have that R\ 
is a bounded trilinear map on H s . 

Now the map r\ — > P v is continuously differentiable, and since right translation 
only introduces terms of the type \Trf\~ 1 and [T^] -1 *, and as we have a multiplica- 
tive algebra, the general case follows. □ 

Remark 4.1. One might try to argue that the boundedness in H s of R 1 follows 
immediately from the regularity of the geodesic spray, but this argument fails for the 
following reason. Let U C T> s (M) be sufficiently small so as to allow a trivialization 
of TT> S JM), and let A 1 be the local connection 1-form defining the H 1 covariant 
derivative V 1 . The fact that the geodesic spray of V 1 is C 1 implies that A 1 is 
a C 1 map as well. Now the curvature can be defined as dA 1 + A 1 A A 1 , and it 
may seem that for all ?;£W, dA 1 ^) is then necessarily a continuous operator from 
H s into H s . This is not the case, however, as the exterior derivative is defined in 
terms of the iJ 1 -Frechet derivative, while the fact that A 1 is C 1 is verified using 
the iJ s -Frechet derivative. It is for this reason, that curvatures of strong metrics 
are trivially bounded operators in the strong topology of the manifold, while for 
weak metrics, one must verify any boundedness claims. 

4.3. Jacobi equations. We can now prove the existence of solutions to the Jacobi 
equation 

v^y + ^(y,^ = o (4.ii) 

along the geodesic 77(f) of the iJ 1 -metric which solves the mean fluid motion equa- 



tion (3/7) in Lagrangian coordinates. Note that (3.7) may equivalently be written 

as 



%f] - 0, (4.12) 
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for rj(t) a curve in T> 8 {M). The Jacobi equation (4.11) is the linearization of (4.12) 
along the geodesic. 

Theorem 4.2. Let s > §+2 and let Y e , Y e 6 T e T> s JM). Then there exists a unique 
H s vector field Y(t) along r\ that is a solution to (4-H) with initial conditions 
Y(0) = Y e and%Y{Q)=Y e . 

Proof. Let r t : T e T> s (M) — > T^^D 8 {M) be the parallel translation along 77 induced 
by V 1 . It is standard that t% is a linear isomorphism such that [r*, V 1 ] = 0, and 
t*{; -)i = (-,-}i- We consider the curve in the algebra V(t) — T t T 1 Y(t) where 
(d/dt)V(t) = T t ~ V 1 ■ .Y(t), wherein the Jacobi equation takes the form 



d 2 



(r t V(t),r,(t))r,(t). 



By Theorem 4.1, R 1 is bounded in H s , so existence and uniqueness immediately 
follow. □ 



5. Stability and Curvature 

In this section, we define the notion of Lagrangian linear stability (see |Ml| ) . 

5.1. Lagrangian stability. For k > 1, a fluid moti on r\ is Lagrangian H k (lin- 
early) stable if every solution of the Jacobi equation ( 4.11 ) along r\ is bounded in 
the H k norm. 

Theorem 5.1. If n(t) is a geodesic 0/V 1 onT> s ^{M) whose pressure function p(t) 
is constant for all t and if the sectional curvature of R 1 is nonpositive, then n is 
H k Lagrangian unstable for k > 1. 

Proof. Let ij solve V^?) = on T>^(M), and let Y(t) be a nontrivial Jacobi field 
along r\ with Y(0) = 0, V^F(O) = Y e . If the sectional curvature of the plane 
spanned by Y(t) and 77 is nonpositive for t, then rj is H k Lagrangian unstable for 



k > 1. This follows from Lemma 4.2 of [Ml] by replacing the L 2 norm with the H 1 
norm. Namely, for t > 0, let Z = Y/\\Y 



^Y=^(\\yh)z+* dt 



1 and compute 
d 



y||i)v^z + ||Y||iV^y. 



Taking the inner product of V^ ; V^y with Z, and noting that ||Z||i = 1 and that Y 
solves (4.11), we obtain that 



d 2 



|V!Z||f-(RV. >))>), Z}. Pill- 



Thus, (d 2 /c?i 2 )||y||i > 0, so that ||y||i > ct for allt > and some positive constant 
c depending on Y e , which implies that ||y||fc is unbounded for k > 1 by the compact 
embedding: H k <^> H 1 . 

Since r\ is a geodesic in V s (M), Theorem 3^ asserts that U = fj o rf 1 satisfies 



equation ( |3.4j) on M. Thus, we have that 
Sr,(fi,v) = Q^(V^t)) 



[d t U + (1 - A)- 1 [Vc/(1 - L)U - (VU{-), AC/)«] } o 77 



(grad p) o 77 = 0, 
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so 77 is a pressure constant geodesic of the right invariant H 1 metric on P*(M) if 
and only if S^^, 77) = 



l|2 
ll' 



From the Gauss equation (4.4), 

(RI i (X,t))t),X) 1 = {R\X,f ] )f ] ,X) 1 - \\Sr,{r),X)\\\ 

for any vector field X(t) along the pressure constant geodesic 77. Hence, (i?* (X, 77)77, X)i 
is nonpositive whenever (R (X, 77)77, X)i is nonpositive. □ 



Remark 5.1. Note that on the flat torus T™, the formula (3.1) simplifies to V^-y = 
V° X Y + A(X, Y), and since R° = 0, we have that for X,Y,Ze T e X>* (M), 

Rl{X,Y)Z = A e {xM Y Z) - A e {Y,V x Z) + V x A e {Y.Z) -\7° Y A e (X,Z) 

+A e (X, A e (Y, Z)) - A e (Y, A e (X, Z)) - A e ([X,Y],Z). (5.1) 

Choose a coordinate chart {U,x l ) on M. At the identity e, 

2A e {X,Z) = (1 - A)" 1 [V*(VX • VZ + VZ ■ VZ)}. 

Substitution of (1 - AJ^V'fVI • VZ) into (O yields 



_5_ 

a?7 



(dY l 


dZ'V 




\dx l 


dx n ) _ 


dx l 



9 fdX^dZ 1 



-(l-A) 



<9a^ 



dXi d fdZ 1 
dx 1 dx n \ dx l 



Y' 



(l-A) 



dx l 



- dY l 


d 




dx 1 


dx 11 





+ ^ ' dxi \ dx n dx k 



^fdX^dV 
dx 1 V dx 1 dx n 



9 (dY l d 



dx 1 1 9a;" 9a; fc 



dxi \ dx 1 dx n 



It is clear that R\ vanishes when X, Y, Z have components of the form e 1 ^'^ . 
More interestingly, one may compute the sectional curvature (Rl(X, Y)Y, X)\ in 
the directions X — sin((fc, a:}) ^p- + cos((m,x))-£^ and Y = cos((fc, x))-^r + 
sin((m, a:)) gl^-. For example, when X = (sin(fca; 1 ), 0) and Y — (0, cos(fca; 2 ), 

(R 1 e (X,Y)Y,X) 1 =0, 

whereas if X = (sin(A:a; 1 ), 0) and Y — (cos(kx 1 ), 0), then 

{R 1 e (X,Y)Y,X) 1 <0 



for any choice of k 7^ (cf. |V13[ ). Recall that this computation of the curvature 
tensor of the full diffeomorphism group is restricted to divergence free vector fields, 
since we are ultimately only interested in the stability of the motion on the volume 
preserving subgroup. 

If 77 is a geodesic in (M), two points T](ti) and 77(^2) are conjugate with respect 
to 77 if there exists a nonzero Jacobi field Y(t) along 77 such that Y(t\) = ^(^2) = 0. 
Such Jacobi fields are thus stable perturbations of the initial flow. 

Corollary 5.1. Let 77 be a pressure constant geodesic in 2?*(M). If the sectional 
curvature of R 1 is nonpositive, then there are no conjugate points along 77. 



DIFFEOMORPHISM GROUPS WITH H 1 METRIC 



21 



5.2. Examples. 



Example 5.1. A trivial example of a pressure constant geodesic in V^T 2 ) is given 

by 

r){t){x 1 ,X 1 ) = (x 1 + h{x 2 ) 1 x 2 +ct), 
where c is a constant and h is a smooth periodic function. Let 

G{rj) = -D{7)o V - 1 ) t D{i)o V - 1 )[TT 1 }- lt + L>(?7 7y- 1 )L)(7)or;" 1 )[r?7]" lt 
+D(f) o 77 _1 )L>(r) o rj- 1 ) 1 [Try] -1 *. 



Then on T™, equation ( 4.12 ) simplifies to 

jj o if 1 - gradA -1 Tr[.D(j) o jf x )f = (Id - gradA _1 div)[(l - A,) -1 ^)], 
and since r\(x x ,x 2 } = (0,c), then 77 is a geodesic. 



Example 5.2. Another example of a pressure constant geodesic in 2? M (T 2 ) is given 

by 

?y(t)(x 1 , x 2 ) = (a; 1 + i/i(a; 2 ), x 2 ), 
where again c is a constant and h is a smooth periodic function. In this case 



and we must verify that 

= P e o[a t (?7 7 ? - 1 ) + (l- A)- 1 



V^-i(l- A)(t7ot ? - 1 ) 



-[V?)o ti -1 ]* • A(r) ory" 1 ) | 



(5.2) 



Notice that for our choice of r/, (1 — A) 1 [VU] t ■ AU = gradF, for some F £ 
C°°(M); hence, P e o (1 - A)- 1 [VC/]* • AJ7 = 0, so that is simply 

flt(i7 o ry- 1 ) + (1 - A)" 1 V, )OJr i (1 - A)(ij o ry- 1 ) = -grad p. (5.3) 



But the left-hand-side of (5.3) vanishes, so 77 is a pressure constant geodesic. 



Remark 5.2. Theorem 5.1 and the remarks which follow its proof imply that the 
geodesic flows of the previous two examples with h{x 2 ) — sin(fcx 2 ) are unstable to 
perturbations in the cos(fca; 2 ) direction. Other such examples of unstable pertur- 
bations can be constructed. 
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